We review our recent work on ab initio nonadiabatic molecular dynamics, based on linear-response timedependent density functional theory for the calculation of the nuclear forces, potential energy surfaces, and nonadiabatic couplings. Furthermore, we describe how nuclear quantum dynamics beyond the BornOppenheimer approximation can be performed using quantum trajectories. Finally, the coupling and control of an external electromagnetic field with mixed quantum/classical trajectory surface hopping is discussed. 
Introduction
Within the Born-Oppenheimer approximation the coupling between nuclear and electronic motion is neglected. This approximation is behind most ground state electronic structure methods for molecules and led to the development of efficient mixed quantum/classical schemes for performing ab initio molecular dynamics (AIMD) [1] . Within AIMD, the electrons are treated quantum mechanically and provide the potential for the classical dynamics of the nuclei. This gives rise to considerable computational savings in comparison to the full quantum dynamics, especially when only one electronic state is considered, and as a result has been used to study a wide variety of medium to large molecular systems. However, as soon as more than one electronic state plays a role in the dynamics (for example for a photochemical reaction), the BornOppenheimer approximation will break down whenever the coupling between electronic states due to nuclear motion becomes important [2] [3] [4] .
In this case, the resulting nonadiabatic nuclear dynamics can be accurately described using nuclear wavepacket propagation methodologies like, for example, multiconfiguration time-dependent Hartree (MCTDH) [5] , but only for systems with a small number of active degrees of freedom. In addition, this method requires electronic properties like potential energy surfaces (PESs) to be computed before the propagation and their calculations can therefore become challenging for large systems. On the other hand, the description of nonadiabatic events by means of trajectory-based approaches remains a challenge and only a few schemes are available. Among them, the trajectory surface hopping (TSH) method describes the nuclear wavepacket as a swarm of independent classical trajectories, which can jump from one electronic state to another whenever a region of strong nonadiabaticity is encountered along the dynamics [6, 7] . TSH is able to correctly describe some nuclear quantum effects, such as the branching of the nuclear wavepackets among different electronic states. However, the independent trajectory approximation, central to the TSH method, directly implies that other nuclear quantum effects like (de)coherence or nuclear quantum tunneling remain inaccessible. Quantum (or Bohmian) trajectories [8] [9] [10] constitute an interesting and alternative way to account for an accurate quantum propagation of the nuclei. Emerging from a transformation of the time-dependent (electronic-nuclear) Schrödinger equation (see Ref. [11] and Section 2.1.1 below), the quantum trajectory method is in principle exact and has been used to address challenging quantum dynamics problems in low dimensional model systems (see Ref. [12] for a complete description of quantum trajectory methods). Different quantum trajectory based approaches to nonadiabatic phenomena have been proposed (most of them based on a diabatic representation of the electronic states [13] [14] [15] [16] ) and we highlight in this article our method, in the adiabatic representation of the electronic states, called NonAdiabatic Bohmian DYnamics (NABDY) [17] [18] [19] . Trajectory-based methods for nonadiabatic dynamics are indeed interesting as they are easily implemented within an on-the-fly scheme (where the electronic energies and nuclear forces are only required at the one point in coordinate space of the trajectory, at each time step). Coupling TSH with an efficient electronic structure method like linear-response time-dependent density functional theory (LR-TDDFT) [20] [21] [22] [23] allows for the nonadiabatic dynamics of medium to large molecular systems. Alternatively, the use of a quantum trajectory based approach could constitute a way to perform on-the-fly nonadiabatic quantum dynamics. In this paper, we review our recent work on the development of efficient nonadiabatic methods coupled with LR-TDDFT. For an extended review on this topic, the interested reader is referred to the Ref. [24] .
Theory

Nonadiabatic dynamics
NonAdiabatic Bohmian DYnamics
Starting from the time-dependent electron-nuclear Schrödinger equation for a molecular system (relativistic effects are not considered),
we can use the Born-Huang expansion [25] ,
to describe the total molecular wavefunction Ψ( R ).
gives the positions of all the electrons of the system and R those of the nuclei. I denotes a specific electronic state, Ω I (R ) can be seen as a nuclear wavefunction, and Φ I ( ; R) is a solution of the time-independent electronic Schrödinger equation,
After inserting the Born-Huang representation (Eq. (2)) into Eq. (1) and using the polar representation for a complex wavefunction
we obtain equations of motion for the nuclear phases S J (R )/ and amplitudes A J (R ) (γ labels the nuclei),
and
using the following definitions for φ IJ (R ),
H JI (R),
and the first and second order nonadiabatic couplings, respectively,
Within the Hamilton-Jacobi formulation of mechanics, the relation between momentum and phase of the nuclear wavepacket,
gives rise to a Newton-like equation for the nuclear motion (when ∇ β is applied on both sides of Eq. (5))
for which we have employed the definition of the time derivative in a Lagrangian frame:
At this point, no approximation has been made in the derivation of this set of working equations (Eqs. (5), (6), (12)). Important for this work, Eq. (12) shows that, in addition to the "classical" potential E J (R( )), the nuclei in trajectory R( ) feel the effect of a quantum potential J (R( ) ) [12] , which describes adiabatic nuclear quantum effects, and of nonadiabatic quantum potentials I JI (R( ) ) that are related to nonadiabatic effects between electronic states.
From a numerical point of view, the dynamics starts from an initial nuclear wavepacket at time = 0, which is "discretized" into a distribution of grid points called "fluid elements" (small volume elements of the configuration space, see Fig. 1 ). Each of these correlated fluid elements carries an amplitude, a phase, and a velocity. The integration of the NABDY equations of motion implies the simultaneous solution of the differential equations for the phases (Eq. (5)), the amplitudes (Eq. (6)), and the coupled Newton-like equations for the correlated fluid elements (Eq. (12)). During the initial adiabatic propagation of the quantum trajectories, nonadiabatic couplings are monitored. When their strength exceeds a given threshold, the nonadiabatic dynamics is initialized (Fig. 1) . In this way, not only the trajectories on one electronic state are correlated, but also those among different electronic states. For numerical details, see Refs. [17] [18] [19] .
Trajectory surface hopping
TSH [6, 7] is one of the most widely used (trajectorybased) methods for simulating nonadiabatic processes beyond the Born-Oppenheimer approximation. In practice, the initial nuclear wavepacket is portrayed by a swarm of independent classical trajectories, whose initial conditions (positions and momenta) are obtained, for example, from a thermal distribution in the ground electronic state (Fig. 2a) . A set of time-dependent complex amplitudes, {C α ( )} (one per electronic state I considered), is associated to each trajectory (labelled α). These amplitudes are the time-dependent coefficients of the molecular wavefunction expansion 1
in a complete basis of adiabatic electronic states Φ I ( ; R) (solutions of Eq. (3), with R depending implicitly on time). Inserting Eq. (14) in the time-dependent Schrödinger equation for the electrons, multiplying on the left by Φ * J ( ; R), and integrating over leads to the following set of coupled equations for the amplitudes, associated with the different electronic states,
where H JI and JI are described in the previous section.
In the "Fewest-Switches" version of TSH [7] , a classical trajectory α evolves adiabatically in a given electronic state according to Born-Oppenheimer dynamics until a hop between two adiabatic PESs (H II = E I and H JJ = E J ) occurs (Fig. 2) . The Fewest-Switches transition probability for such hop (from state I to state J in the time interval [ + ] ) is given by 
1 For an extended discussion on the TSH equations and their link with NABDY, the reader is referred to Ref [19, 24] .
where ζ is a random number between 0 and 1. The statistical distribution of a large number of such independent classical trajectories is assumed to mimic the probability density distribution of the corresponding nuclear wavepackets (Fig. 2b) . All matrix elements in Eqs. (15) and (16) are computed using a suitable ab initio electronic structure method. In our implementation of TSH [26] we use density functional theory for the ground state and linear-response timedependent density functional theory for the excited state energies E J (R), nuclear forces F J , nonadiabatic couplingsṘ · JI , and nonadiabatic coupling vectors JI (see Refs. [26] [27] [28] [29] [30] for a detailed description of TSH implementation in the plane-wave software package CPMD [31] ).
In the next section we discuss the calculation of matrix elements for one-body operators within LR-TDDFT.
Matrix elements of one-body operators within linear response time-dependent density functional theory
In this section we briefly summarize how to use LR-TDDFT to compute matrix elements of one-body operators such as the nonadiabatic coupling vectors (NACVs). The NACVs between two electronic states J and I for nucleus γ ( JI γ ) are defined in terms of many-electron wavefunc-
where ∇ γ is the gradient with respect to the nucleus γ. It has been recently showed that matrix elements of a general one-body operatorˆ can be obtained within LR-TDDFT using a set of auxiliary many-electron wavefunctions defined as (for a given excited electronic state I) [21] 
In Eq. (19), denotes a single excitation from the occu- , and KS orbital energy differences ( − ) [28, 30, 32, 33] . In LR-TDDFT, matrix elements of one-body operators involving the ground state (0) and a given excited electronic ) are occupied (virtual) KS orbitals. For matrix elements of one-body operators involving two excited electronic states, σ JI , the expression derived using the auxiliary many-electron wavefunctions corresponds exactly to the leading linear-response contribution obtained with the second-order coupled electronic oscillator approach of Ref. [34] . The expression becomes exact when the Tamm-Dancoff approximation (TDA) is used [35, 36] .
Applications
In this section, we briefly present two applications based on the previously described methods.
NonAdiabatic Bohmian DYnamics (NABDY)
Here, we highlight our first application of NABDY to a simple nonadiabatic molecular process, the collision of an H atom with a H 2 molecule. For this application, DFT and LR-TDDFT within the approximation of the LDA exchange-correlation functional have been used to compute PESs and nonadiabatic couplings on-the-fly, as implemented in the plane-wave code CPMD (see Section 2.2). We discuss here a specific case (see Fig. 3 ), where the H atom is propagated in an almost perpendicular direction towards the H 2 bond axis with the initial momentum |P 0 | = 150 a.u.. For such momentum, a population transfer of 31.4% to the first excited state is observed, due to a region of strong nonadiabaticity. Interested readers are invited to consult the references for more information and for the current challenges related to the implementation of NABDY [18, 19] and quantum trajectories methods in general [12] . 
Local control theory within trajectory surface hopping
In Section 2.1.2, we discussed the standard equations of trajectory surface hopping. A series of recent works have presented methods to couple the TSH equations with an external time-dependent electromagnetic field [29, [37] [38] [39] [40] . Using these methodologies, it becomes possible to simulate light absorption (photoexcitation) of a molecular system and its subsequent nonadiabatic relaxation. A further development is to consider how a time-dependent electric field can be shaped such that it can control the population of a specific electronic excited state. In our recent work [41, 42] , we have investigated the use of local control theory (LCT) [43] in the context of TSH/LR-TDDFT. Our implementation was tested on the diatomic molecule lithium fluoride (LiF). Using a strong and resonant Π-pulse, the dynamics based on TSH exhibits amplitude transfer from the ground state to the second excited singlet state (S 2 ) of LiF. However, this transfer is not stable and large oscillations in amplitude are observed throughout the dynamics (Fig. 4, left) . On the other hand, TSHbased LCT produces a shaped pulse that efficiently promotes the molecule into S 2 (Fig. 4, right) and shares some interesting similarities with a pulse calculated using LCT in combination with quantum nuclear dynamics [44] (see Ref. [41] for more details).
Conclusions
We have reviewed some of our recent work on nonadiabatic dynamics. TSH constitutes an efficient method for describing nonadiabatic processes and, when coupled with LR-TDDFT, can simulate photophysical and photochemical processes of medium to large size molecules. In addition, the central equations of TSH leading to surface hops are easily modified to include the coupling between the amplitudes and an external electromagnetic field. We have also discussed how matrix elements of one-body operators can be obtained rigorously from LR-TDDFT. Finally, we have presented a new method based on Bohmian dynamics, NABDY, that fully incorporates nuclear quantum effects in a trajectory-based nonadiabatic dynamics and is currently under active development.
